Thermoelectric power generation is examined in the case of radiative heating. A constant heat flux is assumed in addition to consideration of the Seebeck effect, Peltier effect, and Joule heating with temperature-dependent material properties. Numerical evaluations are conducted using a combination of the finite-volume method and an original simultaneous solver for the heat transfer, thermoelectric, and electric transportation phenomena. Comparison with experimental results shows that the new solver could work well in the numerical calculations. The calculations predict that the Seebeck effect becomes larger for longer thermoelectric elements because of the larger temperature difference. The heat transfer to the cold surface is critical to determine the junction temperatures under a constant heat flux from the hot surface. The negative contribution from Peltier cooling and heating can be minimized when the current is smaller for longer elements. Therefore, a thicker TE module can generate more electric power even under a constant heat flux.
INTRODUCTION
Thermoelectric power generation (TEG) is based on the Seebeck effect and directly converts heat into electricity. Because TEG does not require a largescale system, it has been studied as a method to recover unused heat, 1 such as waste heat from automobiles, 2 fuel cells, 3 and marine engines, 4 as well as solar heat. 5, 6 Solar power generation using silicon photoelectric cells converts solar energy over a wide range of wavelengths, but the energy from the longer waves in the infrared region is not used efficiently. 7 The residual energy is normally converted to heat, but this heat is not used as an effective energy resource. The energy density from the sun is too low to utilize the thermal heat directly as an electric power source, making solar light concentrators such as convex and Fresnel lenses indispensable. 8 A parabolic mirror is also effective to concentrate solar energy. 9 Our previous study proposed a water lens consisting of cheap materials such as a transparent sheet and natural water, 10 where the cylindrical lens can obtain two-dimensional concentration to form, e.g., a linear focus. The lens shape was optimized to achieve a maximum concentration ratio as high as 70. 11 This value is not as high as the case of high-performance plastic lenses, but a water lens can warm the thermoelectric (TE) surface mildly over a wider heating area.
The conversion efficiency of TEG systems is normally low when the temperature difference is low, becoming more effective when the hot-side tempera-ture of the TE module (TEM) is increased. High concentration of solar energy onto the small surface of the TEM is required to increase the temperature because the energy from solar light is fixed by the receiving area of the concentrator. When the convex lens concentrates the solar energy to a point focus, for example, only a single point of the TEM surface is heated while the other areas remain cold. Because the terminals of TE elements are spatially separated and normally covered by a ceramic insulator, the heat does not extend to the other terminals surrounding the hot spot. To heat the entire surface of a TEM, the concentrated light should irradiate the whole TEM surface homogeneously. Such heating is desirable to obtain more TE power, so the concentration ratio of the lens is controlled. 1 When the TE surface is heated by radiation, the heat transfer to the other surface of the TEM is maintained constant. Such radiative heating of a TEM is considered here for one TEG. Therefore, under the condition of constant heat flow from the top surface of the TEG system into the module, we consider how to maximize the TE power from the TEM. In conventional evaluations of TEG systems, many experimental studies have been reported under conditions where the surface temperatures were simply fixed at a certain value to maximize the TE performance. 1 However, this constraint of constant temperatures requires a lot of energy supply through a large heat source, and indeed it is not realistic, especially for radiative heating; For example, mildly concentrated solar light warms the top surface of the TEM and increases the surface temperature. Therefore, its temperature is not fixed, and the temperature difference between the two TE terminals depends on the irradiating heat flux and cooling capacity at the cold surface.
Thermal radiation from hot resources is also an attractive heat source, often being available in industry. However, detailed analysis of such TEMs has not been carried out. TEG performance depends on the heat conduction from the thermal resources to the cold terminals, and on the shape of the TE modules as well as the material properties (the temperature dependences of the Seebeck coefficient, thermal conductivity, and electrical conductivity of the TE elements, and the thermal conductivities of the insulators and electrode materials). Therefore, it is necessary to analyze the system by combining the thermomechanical aspect and electric circuit design.
Analytical approaches based on one-dimensional heat flow have been reported in the case of constant heat flux, 1, 12, 13 but could express only ideally approximated conditions. However, heat fluxes in two or three dimensions were not considered to enable simplification for analytical solutions. Understanding of the construction of constant heat flow in practical models is required to obtain larger electrical power from the TEG.
The purpose of this work is to analyze the optimal dimensions of TE modules and their operating conditions in the case of radiative heating. The material properties such as the Seebeck coefficients and thermal and electrical conductivities are fixed, as are those of the other materials such as electrodes and insulators, and the suitable size of the TE elements to obtain larger electrical power is considered. A constant heat flux is assumed, instead of a fixed temperature difference. When an external load is connected to the TEG, a current is introduced into a closed circuit. Once the current is introduced into the circuit, the Peltier effect cools the hot terminals and heats the cold terminals. Therefore, the contributions of the Peltier effect and Joule heating in the TEM as well as the Seebeck effect are important, and their temperature dependences for the TE materials are required for precise analysis. However, because the temperature distribution is not homogeneous over the TE module, it is impossible to solve the simultaneous differential equations analytically as reported previously. 12, 13 In this work, the simultaneous differential equations are evaluated numerically based on the well-studied finite-volume method (FVM) and an original routine for simultaneous solution of the heat transfer and thermoelectric transportation phenomena. 4, [14] [15] [16] [17] [18] [19] This routine was originally developed by Chen et al. 16, 17 and implanted into our group. To investigate the effect of current, a new solver was coded by referring to Refs. 16 and 17 and tried in this work. At present, the main effects of the TEG can also be simulated using optional commercial software from ANSYS, Inc.; however, the contribution of Peltier heating and cooling due to the current generated by the Seebeck effect cannot be analyzed. To visualize the effect of current during TEG, new routines were coded for the solver.
METHODS
A brief outline of the procedures of the thermoelectric analysis is presented here with our modifications. 14 The fundamental transport equations for heat can be expressed in derivative form as
The first, second, and third terms on the righthand side express the thermal diffusion, Joule heating, and Thomson effect, respectively. j, r, T, J, and S are the thermal conductivity, electronic conductivity, temperature, current density, and Seebeck coefficient, respectively. From Eq. 1, the heat balance equations can be deduced in the simple case of a one-dimensional model with temperatureindependent material parameters as
where Q h , Q c , K, T h , T c , S pn , and I are the heat at the hot inlet and the cold outlet, the total thermal conductance, the temperatures at the hot and cold junctions, the relative Seebeck coefficient, and the current in the circuit, respectively. S pn is defined as S p À S n , where S p and S n are the Seebeck coefficients intrinsic to the p-and n-type materials, respectively. Equation 2 is often used for onedimensional thermal analysis. This study uses Eq. 1 for two-or three-dimensional analysis. The electric field can be written as
where V is the electric potential in the element. Therefore, the current density can be calculated from the temperature profile and potential distribution as
This J affects Eq. 1 and thus Eq. 3 through T. Therefore, iteration of this calculation was performed >1000 times using ANSYS software to obtain a stable and reproducible solution. The originally coded function for TE evaluation is embedded in ANSYS Fluent (version 6) software, and reproducible data were obtained after slow stabilization. This is because the contribution of the current to the temperature profile is weak, and modification of the current value is numerically delayed. Figure 1 shows the characteristic layout of the TE elements used for the experiments and simulation. p-and n-type elements are connected in series with copper electrodes (0.3 mm thick). The upper and lower junctions are covered by alumina plates (0.8 mm thick). The lower surface of the alumina was kept at T cs = 303 K, and heat Q was homogeneously applied to the top surface of the upper alumina plate. The TE module consists of 71 pairs of TE elements. The size of a single element is 1.6 mm 9 1.5 mm 9 1.5 mm for both p-and n-type. The spacing between the elements is 1.0 mm. The module size is 30 mm 9 30 mm 9 3.8 mm. Figure 2 shows the temperature dependences of the Bi-Te elements for the commercial module (GM200-71-14-16; European Thermodynamics).
These data were also used for the numerical evaluation. Assuming weakly concentrated solar light, as reported previously, 10, 11 Q was set to be 13.8 W for this module. This corresponds to an energy density of 25,900 W/m 2 . The solar concentration ratio is set to roughly 30 versus natural solar light. This value was experimentally recorded as the typical concentration ratio on a TEM surface when a cylindrical water lens consisting of a transparent sheet and water was used to focus to a single line. 10, 11 In case of a Fresnel lens, this concentration ratio may reach 100 to 200, although the irradiated surface area becomes a point. 1 This paper assumes a mild and linear concentration such as the case of mild utilization of solar energy.
RESULTS AND DISCUSSION

Contact Resistance
Several types of experimental setup were tested prior to the simulation, and compared with the experimental data. Most of the calculated data were better than the experimental data. An example is studied here to emphasize the effect of contact resistance.
The lower surface of the lower alumina plate in the TE module ( Fig. 1) was experimentally kept at a constant temperature, while the other surface was heated under a constant heat flux to simulate the concentrated solar heat. Figure 3 shows the temperature distribution calculated in two-dimensional analyses. Two-dimensional and steady heat flux from the hot part to the cold part is assumed, and three-dimensional heat flow is not considered as a first approximation at this stage. Because no strong three-dimensional heat flux exists in the TEM due to the nature of the structure, two-dimensionally analyzed data can be extended as the result in the three-dimensional model. The temperature dependences of the materials were considered in the numerical calculation, but no strong dependences of temperature on position were found. The temperature distribution was smooth and continuous in two-dimensional space.
The temperature of the upper alumina plate decreases monotonically as the heat goes downstream. Due to the Seebeck effect, the electric potential increases smoothly from the left side to the right side as shown in Fig. 3 , and no clear temperature dependence of the potential can be found on this scale. The current is defined as the current in the circuit when the external resistance is equivalent to the internal resistance. As shown in Fig. 3 , the distribution of current was not linear in the calculated conditions, and the maximum current density was found inside the metallic electrodes. Because the electrode is very thin, this high density is reasonable. However, it does not significantly decrease the circuit current because of the low electrical resistivity of the electrode material. This numerical analysis could confirm the basic phenomena in the conventional analysis reported in the literature, encouraging us that our TE code could be applied in the numerical calculations for further analysis. It was important to check the workability and practical applicability of our TE code. Figure 4a and b shows the experimental distributions of temperature, voltage, and power. Experimentally, adiabatic conditions were set to the surroundings of the TE module. A constant temperature at the cold surface was maintained by using a water-cooled copper plate and the TE module as a Peltier cooling device. Figure 4b shows good coincidence in the voltage and power between the simulation and experimental data, if a contact resistance, r c , is assumed. The internal resistance of the TE module was measured as 1.092 X at room temperature, and r c was evaluated as 0.126 X by subtracting the resistance of the TE elements as estimated from their measured cross-sectional area and length. This r c is as large as 10% of the internal resistance, being large enough to affect the TE power as shown in Fig. 4b , although r c must be minimized for better module performance.
In this case, a maximum output power of P max = 0.217 W was obtained at I = 0.311 A and V = 0.697 V. From these data, the total resistance in the circuit was calculated to be 2.242 X. Accepting the criterion that the external resistance should be equal to the internal resistance to obtain P max , the internal resistance is half of the total resistance, i.e., 1.121 X. This value is very close to the experimental measurement (1.092 X), but slightly larger. This is reasonable because the electrical conductivity of the TE material becomes lower at higher temperatures, as shown in Fig. 3b .
However, as reported theoretically in previous papers, 14, 20 P max is obtained at an external resistance larger than the internal resistance if we consider both the Seebeck and Peltier effects. When the resistance in the circuit is larger, the voltage introduced by the Seebeck effect will be consumed by the internal resistance, and the current induced in the circuit becomes smaller. This current causes the Peltier effect at the two electrodes and suppresses the temperature difference between the two TE terminals, as shown in Fig. 4a . Because the Peltier heat becomes smaller when the current is smaller, a larger temperature difference can be obtained compared with the case of a larger Peltier effect. For radiative heating, the temperature difference between the two terminals is determined by the balance of conductive heat and Peltier heat. Therefore, the temperature prediction by numerical analysis as shown in Fig. 4a is useful. Figure 4 thus confirms the previous prediction by the authors. 20 As obtaining P max is quite sensitive to the current, control of the external resistance should be considered in practical TEG using solar heating. Figure 5 shows the calculated temperature distribution for the case shown in Fig. 3 . The surface temperature of the lower alumina plate, T cs , is inhomogeneous and wavy. The simulation did not set a constant temperature, but a large thermal conduct conductance (3000 W m À2 K À1 ) was assumed. The thermal energy comes through the TEM, the roots of the TE elements are heated by this thermal penetration, and the spacings among the elements are relatively well cooled. The surface temperature of the upper alumina plate, T hs , becomes more clearly wavy. Although homogeneous heat radiation was applied to the top surface, T hs is not homogeneous but is affected by the heat transfer toward the cooled area. The positions connecting with the TE elements are cooled even at the upper alumina plate. T hs gradually decreases as a function of distance. This can be understood as follows: The voltage generated by the Seebeck effect due to a given temperature difference causes the current in the circuit, which itself results in Peltier effects that cool the hot terminal and heat the cooler terminal. As the junctions are connected in series, the current is common and the same degree of Peltier effect cools and heats the junctions. Thus, the temperatures T h and T hs decrease monotonically.
Cooling Capacity
As shown in Fig. 5 , the temperature drop at the alumina layer is only about 1.0 K, and the effective temperature difference, DT, between the junctions is about 46.5 K. Figure 6 shows the temperature difference between the junctions of p-and n-legs. When the heat transfer coefficient is set larger, namely the cold surface is cooled more strongly, T c can be lowered more effectively. However, a larger amount of heat is carried to the colder part, and the hot junctions are also cooled more strongly. Therefore, T h decreases for a higher heat transfer coefficient at the cold side, and DT becomes smaller. In contrast, when the heat transfer coefficient is smaller, T c rises, and DT becomes smaller. Therefore, there exists a suitable heat transfer coefficient for obtaining a larger DT, achieving an optimal heat balance between the cooling effect of hot junctions and the heating effect of cold junctions. As shown in Fig. 6 , h for this optimal condition is close to 1000 W m À2 K À1 , which is a little large for air cooling but in the range of water cooling judging from the heat transfer in normal conditions. Therefore, to make radiative heating more efficient, water cooling becomes necessary to generate electricity more effectively. The TEG design is flexible depending on the environmental conditions as reported in many studies; however, from the point of view of efficient heat transfer, strong cooling at the cold surface is important to generate larger TE power, even when heating with a constant heat flux. Figure 7 summarizes the dependence of the maximum output power on the heat transfer coefficient, h. A larger h may give a better power, but we may lose more energy to obtain such a high h in the coolant.
Leg Length
To obtain a larger DT under a constant heat flow, longer leg length seems more effective because the thermal resistance becomes larger. Figure 8 shows the temperature distribution from simulations with three values of leg length. The temperature decreases smoothly and monotonically from the hotter area to the cool area in all three cases. The open-circuit voltages in the modules shown in Fig. 8 were evaluated and are shown in Fig. 9 . The temperature profiles were also calculated when a suitable external resistance was connected to obtain the maximum output power. The open-circuit voltage increases when the leg becomes longer, as shown in Fig. 9 . When the current flows, however, the Peltier effect suppresses T h due to the electric current.
The maximum output power, P max , was evaluated and is shown in Fig. 10 . It increases as the module becomes thicker. Note that it decreases when the surface temperatures were set constant. The Joule heating also decreases P max , although it contributes to increase T h by the generated heat. Therefore, the decrease of T h can be caused by Peltier cooling at the hot terminal, resulting in a nonlinear increase in P max .
CONCLUSIONS
A constant heat flow such as that from solar radiative heating is studied to design a thermoelectric (TE) power generator. Using a numerical evaluation based on the finite-volume method (FVM) and an original simultaneous solver for the heat transfer, thermoelectric, and electric transportation phenomena, the Peltier effect and Joule heating are evaluated, including the temperature dependence of the materials. The numerical calculation offered a good simulation of the experimental behaviors, showing that the electrical contact resistance in the TE module causes an impedance shift such that the optimal external resistance becomes larger than the internal resistance. Under a constant heat flux, the cooling capacity affects the temperature difference, and the output power increases when h is greater than 1000 W m À2 K À1 . A thicker TE module can give a larger output power, although the Peltier cooling works to decrease the hot-junction temperature. Fig. 9 . Leg length dependence of junction temperatures, T h and T c , when the optimal external resistance is connected. Fig. 10 . Dependence of maximum power, P max , on leg length, d, when the optimal external resistances are connected.
